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Abstract 
 
Tension-compression operation in MR elastomers (MREs) offers both the most compact design 
and superior stiffness in many vertical load-bearing applications such as MRE bearing isolators in 
bridges and buildings, suspension systems and engine mounts in cars, and vibration control 
equipment. It suffers, however, from lack of good computational models to predict device 
performance, and as a result shear-mode MREs are widely used in the industry, despite their low 
stiffness and load-bearing capacity.  We start with a comprehensive review of MREs modeling and 
their dynamic characteristics, showing previous studies have mostly focused on dynamic behavior of 
MRE in the shear mode, though the MRE strength and MR effect are greatly decreased at high strain 
amplitudes, due to increasing distance between the magnetic particles. Moreover, the characteristic 
parameters of the current models either frequency, strain or magnetic field are constant; hence, new 
model parameters must be recalculated for new loading conditions. This is an experimentally time 
consuming and computationally expensive task, and no models capture the full dynamic behavior of 
the MREs at all loading conditions. In this study, we present an experimental setup to test MREs in a 
coupled tension-compression mode, as well as a novel phenomenological model which fully predicts 
the stress-strain behavior of the as a function of magnetic flux density, loading frequency and strain. 
We use a training set of experiments to find the experimentally derived model parameters, which can 
predict by interpolation the MRE behavior in the relatively large continuous range of frequency, strain 
and magnetic field. We also challenge the model to make extrapolating predictions and compare to 
additional experiments outside the training experimental data set with good agreement.  Further 
development of this model would allow design and control of engineering structures equipped with 
tension-compression MREs and all the advantages they offer. 
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1. Introduction 
Literature review 
1.1. Literature review 
Magnetorheological (MR) elastomers (MREs) are a class of responsive materials with numerous 
applications. Research in MR materials was initiated by Jacob Rabinow in 1948 focusing on 
magnetorheological fluids (MRFs) [1]. MR fluids have a widespread use in mitigating vibration [2-
5]and have been used in semi-active damping devices [6-8], particularly dampers in buildings [5, 9-
15], bridges and suspension systems [16-20], shock absorbers [21-23], rotary actuators [24], clutches 
and brakes [1, 25-30]. 
Responding to needs for load bearing, faster responses, and compact tension actuators, 
magnetorheological elastomers (MREs) were developed.  They are used in many macroscopic 
(prosthetics [31], responsive vehicle seat suspensions [32-34], engine mounts [35, 36], adaptive tuned 
vibration absorbers (ATVAs) [37-45], smart variable stiffness and damping isolators (VSDIs) [46, 
47], vibratory pile hammers [48], smart vehicle bumpers [49], noise barrier systems [50], MRE valve 
[51], and MRE bearings [52-55]) as well as in microscopic applications (variable impedance surfaces 
[56], micro cantilevers [57], smart composites [58-60], sensors [61-63], touch-screen panel [64], 
flexible controllable micro-pump [65, 66], magnetometers [67], and artificial lymphatic vessels [68]). 
They are especially suited to shifting the vibration of structures away from harmful resonance 
frequencies [69-71]. 
They are part of the wider class of magnetorheological (MR) materials, such as MR fluids, MR 
foams, MR gels, MR plastomers and MR elastomers - intelligent new materials whose rheological 
properties can be dynamically adjusted by applying an external magnetic field. MR materials are 
fabricated by embedding micron-sized magnetizable particles in non-magnetic matrices such as fluid, 
gel or rubber like materials. The tunable interaction between the particles allows the mechanical 
properties of the composite to vary, to be made stiffer with the applied magnetic field. These materials 
have fast response times (down to less than ten milliseconds) to changes in magnetic fields, which 
largely depend on the viscoelastic properties of the matrix [72-76]. 
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The earliest, and most widespread class of magnetic responsive materials, magnetorheological 
fluids (MRFs) are colloidal suspensions of magnetizable particles whose viscosity can be enhanced 
greatly by applying external magnetic field. This results in the formation of magnetic particle 
structures that temporarily get locked in place, can result in a high yield stress, and enormous on/off 
changes in steady-state shear viscosity [76, 77]. Solid analogues of MRFs – MR gels and elastomers 
exhibit a lower dynamic range but overcome some shortcomings of MRFs (sedimentation, need for a 
container vessel, leakage, relatively slow response) by suspending the particles in a solid but 
deformable matrix [73, 78, 79]. 
Generally, MREs are fabricated by embedding the micron sized magnetic particles either 
homogeneously (Isotropic MREs) or curing within magnetic fields to form permanent chain-like 
columnar structures (Anisotropic MRE) in a non-magnetic matrix. Both isotropic and anisotropic 
MREs show a reversible change in modulus with the application of an external magnetic field. The 
anisotropic MR elastomers show a larger magnetorheological effect than the isotropic composites but 
the magnetic polarization of the particles at the manufacturing stage is required[80]. It was found that 
the stiffness and damping properties of anisotropic MREs depend on the mutual directions of load, 
applied magnetic field and the particles alignment in the composite [81]. 
Recently MR fluid-elastomers (MRFEs) devices have combined MRFs and MREs, to take 
advantage of the complementary timescales and strains possible with each material, and are used in a 
variety of devices such as helicopter lag dampers, MRFE mounts and MRFE isolators. The MRFEs 
have a damping capacity which is dependent on strain amplitude and field strength, and weakly 
dependent on the excitation frequency. Hence, they can be used as a vibration isolator for tuning 
vibration characteristics in a large frequency range [82-84]. 
MREs normally operate in the elastic, pre-yield regime and have fast response times of a few 
milliseconds because the particles are already locked in place in the solid-like matrix [72-75]. In MR 
fluids the particles need to rearrange in the presence of a magnetic field and typically operate in a 
post-yield continuous shear flow regime, a steady-state which takes time to achieve, but which allows 
high dissipation over very large strains [73, 85-88]. The dissipation properties are field dependent and 
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response times to an external magnetic field are usually less than ten millisecond(Research on Smart 
Materials: Application of ER and MR fluid in an Automotive Crash Energy Absorber). However, the 
overall response time in MR fluid devices is a function of electromagnetic parameters, the capabilities 
of the driving electronics, as well as the operating conditions [86]. 
The ability to control both the stiffness and damping of MREs, whether used in MRFEs or by 
themselves, has attracted considerable interest in recent years. MRE devices can protect against 
seismic hazards through reducing of displacement and acceleration response of structures and also by 
shifting the structural system response away from resonance. MREs are being successfully brought 
into the market for different applications where active electrical control can be used to tune their 
intelligent material properties [69, 89]. MRE can also be controlled by active, passive or semi-active 
strategies, the latter preferred because they combine lower power consumption than active ones and 
higher flexibility than the passive ones [90]. 
Novel geometries are being tried in order to produce systems with better performance. Schubert 
and Harrison [91] investigated the MR effect of MRE in a static shear, compression and tension. They 
have showed that the highest MR effect of MRE is related to the tension mode. Popp et al [75] 
investigated the performance of two MRE absorbers, one working in shear and one in compression 
mode. They showed that the compression mode MRE absorber had a larger frequency shift range than 
the shear mode MRE absorber. Rubber-like materials can bear more loads in compression than in 
shear mode [92].Thus, instead of pushing the typical double lab shear MRE isolators beyond 
operational limits, a compression mode MRE isolator is a better choice for extending the frequency 
shift range of MRE absorbers.   Moreover, when an external magnetic field is applied, the elongation 
of MRE is quite large which enables their potential use in sensors, actuators due to their special 
magnetostrictive properties [93]. 
One of the newest and least investigated geometries is using MREs in tension-compression mode; 
see Figure 1 . For many load bearing devices tension-compression actuation could lead to more 
compact MRE devices with lower energy consumption.  
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Figure 1. Diagram of deformed cylindrical MRE sample. (a) During compression (b) During tension (c) The 
typical stress-strain hysteresis curves in a dynamic tension-compression test. 
Current models, however, hamper the design and implementation of such devices as they only 
capture the behavior of tension-compression actuation in very narrow ranges of operating conditions. 
(a) 
(b) 
 
 
Compression Tension 
(c) 
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A comprehensive dynamic model is needed to implement the appropriate integrated control system 
for real-time feedback, self-sensing, and identifying upcoming frequency characteristics of vibration 
sources. Here we present a model, with constant parameters obtainable from a few experiments, that 
captures the full shape of the stress-strain hysteresis curve over wide ranges of magnetic field, 
frequency and load parameters. 
1.2. Modeling Background 
. 
  
On the other hand, the new generation of MR elastomer models have started to map the complex 
stress-strain relationship of MR elastomers to multiple excitation modes for better simulation and 
vibration control design [72, 84, 94-105]. Still, the previous dynamic models, such as the complex 
modulus model, cannot simultaneously describe well all separate aspects of the dynamic behavior of 
MREs, for instance, the nonlinear hysteresis, viscoelasticity in larger deformation, amplitude and 
frequency dependent characteristics. We overview the progress that has been done in different models 
for partial prediction of such properties. A linear differential equation for the stress-strain relationship 
of MR elastomers and then a fractional formula in frequency domain or complex modulus expression 
were presented with coefficients dependent on external magnetic fields [106, 107]. In those studies, 
MR elastomers were generally regarded as linear viscoelastic materials without the nonlinear 
hysteretic characteristics of MRE in large deformation. 
MREs and MRE devices exhibit nonlinear hysteresis behavior, specifically in large amplitude 
excitation. This nonlinear hysteresis behavior typically is described by the Bouc-Wen model [108]. 
However, one of the main problems of the Bouc-Wen hysteresis model is estimating the values of its 
seven model parameters and specifically calculating the hysteretic variable that caused the parameter 
identification requiring great computational resources. Moreover, the parameters of the Bouc-Wen 
model in most of the former studies depend on input frequency, strain and other operating conditions 
[109-113]. Consequently, it is essential to run an optimization process for calculating the model‟s 
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parameters at each different new loading conditions of strain, frequency and magnetic flux densities. 
This is not very useful for predicting behavior outside or inside of tested operating ranges. Based on 
the studies mentioned above, we can come to the conclusion that, the comprehensive model should 
consider all loading conditions such as input frequency, strain and magnetic field intensity in a 
continuous range in order to cover all dynamic performance of MRE.  
In spite of the progress done with partial modeling of the system behavior, no comprehensive model 
exists to predict all the system characteristics. In the last two decades, additionally, researchers have 
mainly focused on the shear working mode of MRE and its applications [43, 94, 114-116]. In the case 
of shear working mode, where the direction of the applied magnetic field is perpendicular to the 
direction of loading, the MRE strength and MR effect are greatly decreased at high strain amplitudes, 
as they result in increasing distance between the magnetic particles. 
In addition to shear mode, when compressive loading is applied in the direction of the magnetic 
field, the distance between the dipoles is reduced and the attractive interaction between the particles is 
facilitated, increasing the stiffness of the MRE at higher strains [117]. Generally, MRE in 
compression mode can be used for vertical load support, vertical vibration isolation and vertical shock 
absorber. Liao et al [92] assessed the magnetic-field-induced normal force of MRE under 
compression status. They have shown that the normal force increases with increasing magnetic field 
and precompression force. Liao et al [118] also presented a constitutive model consisting of 
hyperelasticity, viscoelasticity, and a magnetic part was proposed to describe the compressive 
property of MRE under high strain rate.  Furthermore, Koo et al [119] developed a phenomenological 
model in order to capture the dynamic behavior of the MREs under compressive loadings. The 
coefficients of the parameters of this model are also frequency dependent and strain dependent.   
Regarding tension mode, Bellan and Bossis [120] studied the effect of external magnetic field on 
viscoelastic properties of MRE such as elastic moduli under static and dynamic elongational test. 
They observed the change of 4 MPa in dynamic storage modulus of MRE at low strains. Schubert and 
Harrison [121] studied dynamic behavior of MRE under tension test and found 74% relative MR 
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effect when the particle alignment of anisotropic MREs was oriented parallel to an applied magnetic 
field of 67.5 mT.  
Modeling of dynamic behavior of MRE in tension-compression mode has not been studied 
thoroughly. The dynamic behavior of MR elastomers in tension-compression deformation has 
recently been studied in terms of compressive stiffness and loss factors. It was found that when a 
magnetic field is applied both the compressive stiffness and loss factor values of aligned MREs were 
increased compared to the zero-field values [122, 123]. In the mechanical systems, when the dynamic 
force is larger than the weight of the device, MREs will experience both tension and compression 
loading. Despite its mechanical advantages, comprehensive modelling of the tension-compression 
mode has been challenging due to its field-dependent non-linear hysteresis. 
In most previous models for prediction the force-displacement or stress-strain behavior of MREs, 
however, the model‟s parameters were calculated at constant strain or constant frequency and these 
parameters will depend on strain or frequency in addition to magnetic flux density. Consequently, the 
predictive scope of the models is not very large, as it is essential to run an optimization process for 
calculating these parameters at each different new loading conditions of strain, frequency and 
magnetic flux densities. Based on the Table 1 the previous models of MRE and MRE devices are 
compared to the proposed model. 
 
 
Table 1. Different models for predicting dynamic behavior of MRE and MRE devices. 
Reference   Working 
mode 
Range of 
parameters 
Number of 
parameters 
Advantages Disadvantages 
Li et al 
[124] 
 Shear Frequency = 
(1-10) Hz 
Strain =10% 
Magnetic field = 
(0-385) mT 
Four Low number 
of parameters 
Working in linear 
regime. 
Parameters will 
change by the new 
input strain. 
Zhu et al 
[125] 
 Shear Frequency =  
(1-10) Hz 
Strain = 25% 
Magnetic field = 
(0-300) mT 
Five   Low number 
of parameters 
Parameters will 
change by the new 
input strain. 
Eem et al 
[126] 
 Shear  Frequency =  
(0.5-3) Hz 
Five 1-Low 
number of 
High 
computational 
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Strain = (5 -26) 
% 
Magnetic field =  
(50-500) mT 
parameters 2-
Constant 
parameters 
expense for 
calculating 
parameters of 
Ramberg-Osgood 
model. 
Yu et al 
[109] 
 Shear Frequency =  
(0.1-4) Hz 
Strain = (8 -32) 
% 
Current = (0-3) 
amp 
Five  Low number 
of parameters. 
Parameters will 
change by the new 
input strain, 
frequency and 
current. 
Behrooz 
et al [110] 
 Shear Frequency =  
0.1 Hz 
Strain = (2 -10) 
% 
Current = (0-4) 
amp 
Nine  1-High 
computational 
expense for 
calculating 
parameters of a 
Bouc-wen element. 
2- Parameters will 
change by the new 
input strain and 
frequency. 
Yang et al 
[127] 
 Shear Frequency =  
(0.1-4) Hz 
Strain = (8 -32) 
% 
Current = (0-3) 
amp 
Ten   1-High 
computational 
expense for 
calculating 
parameters of a 
Bouc-wen 
equation. 
2-Parameters will 
change by the new 
input strain and 
frequency. 
Koo et al 
[119] 
 Compression  Frequency =  
(0.1-1) Hz 
Strain = 5% 
Magnetic field = 
(0-600) mT 
six  Parameters will 
change by the new 
input strain and 
frequency. 
Current 
model 
 Tension-
compression 
Frequency =  
(0.5-8) Hz 
Strain = (2 -14) 
% 
Magnetic field = 
(0-260) mT 
Ten  Parameters 
will not 
change by the 
new input 
strain, 
frequency and 
magnetic 
field. 
It is necessary to 
carry out some 
experiments to 
determine the 10 
parameters, some 
of which are not 
commonly 
measured. 
 
In this paper, we introduce a model that resolves the complexity and shortcomings of previous 
attempts to describe the dynamic behavior of an MRE in tension-compression mode. Experimental 
oscillation tests are performed to obtain dynamic stress-strain hysteresis loops for several loading 
frequencies, displacement amplitudes and magnetic flux density. The results are fitted to a novel 
phenomenological model. The proposed model effectively captures the viscoelastic features, 
symmetric and asymmetric hysteretic characteristics, as well as their amplitude and frequency 
dependent behavior. The model‟s parameters are obtained through a least squares fit to the training set 
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of experimental results. A visual illustration is provided to show the effects of parameters on the 
shape of stress-strain curves of the proposed model. In addition to interpolation, we also show the 
model is capable of extrapolation prediction which we match successfully with test experiments 
performed outside the previous parameter range. 
2. Experimental Methods 
2.1. Test Setup 
The tension-compression test setup (Figure 2(a)) consists of a servo-hydraulic material testing 
machine (MTS-810) and uses two similar fixtures is designed to apply magnetic fields to the MRE 
sample using permanent magnets (Figure 2(b)). Each fixture has two parts fixed together by using 
four stainless steel screws, and flat permanent magnets can be sandwiched in between them and 
magnetic flux density can be changed easily by adding or removing permanent magnets. The upper 
part that is made of non-magnetic stainless steel in order to isolate the testing machine from the 
permanent magnets below it. The lower part is made of steel (St37) so the magnetic flux can pass 
through the plate be concentrated on the MRE that is fixed between the two fixtures (Figure 2(b)). 
Eight magnets with dimensions 50×50×12 mm were used. By changing the numbers of permanent 
magnets, the intensity of magnetic field that passes uniformly through the MRE is altered and flux 
densities from B = 0 mT (no magnet installed) to B = 100, 170, 220 and 260 mT were achieved. By 
using this setup, a tension-compression tests of varying the magnetic flux density, displacement 
amplitude and motion frequency can be performed.  
 
 
2.2. Fabrication of the MRE sample 
 The MRE specimen is an isotropic MRE, which contains carbonyl iron particles (type C3518, 
Sigma-Aldrich), silicone rubber (Silicone sealant, Selleys) and silicone oil (type 378364, Sigma-
Aldrich). The iron particles (nominal diameter range from 3 μm to 5 μm) are used as magnetic fillers 
and dispersed in the silicon matrix randomly. The two-components silicone rubber MRE specimen is 
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fabricated using silicone rubber, silicone oil and carbonyl iron particles using weight fractions of 
20%, 10%, and 70% respectively. The silicone oil with a viscosity of 5 Pa.s was used to prevent 
particle agglomeration and to enhance their compatibility with the silicone compound. Besides, the 
common use of silicone oil as a diluting agent to decrease the modulus of silicone elastomers tends to 
enhance by facilitating frictional sliding at the interfaces between the matrix and the particles. 
The iron particles were distributed thoroughly in a pre-weighed amount of the silicone oil, and the 
mixed liquid is blended further with the silicone rubber precursor. Then the isotropic mixture is 
poured into a cylinder mold and cured at room temperature (23 ˚C) for 24 hour, after which the MRE 
sample is ready to be tested. The tension-compression specimen we used was a small cylinder with a 
diameter of 40 mm and a height of 15 mm as shown in Figure 2(c). 
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 Figure 2. a) Experimental testing setup. b) Zoom of the cylindrical specimen of isotropic MRE, diameter = 
40 mm, height = 15 mm. c) Zoom of top fixture with upper (connecting), lower (magnetizable) part   and 
permanent magnet installed on it. 
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2.2. Testing procedure  
A series of tension-compression training set data tests were performed on MRE samples by 
varying the magnetic flux density, displacement amplitude and motion frequency. Magnetic flux 
densities varied from B = 0 mT (no magnet installed) to B = 100, 170, 220 and 260 mT. The MTS-
810 machine (Figure 2(a)) was used to apply a sinusoidal vertical displacement vs. time to the 
composite rubber MRE test sample.  
     The loading frequencies were f = 0.5, 1, 3, 5, 8 Hz and the displacement amplitudes were A = 
0.30, 0.60, 1.2, and 2.1 mm that, for the specimens with 15 mm thickness, correspond to strains of 
=2%, 4%, 8%, 14%, respectively. Pre-compression deformation occurred for MREs upon increasing 
the magnetic field (by adding more permanent magnets). Then, the amplitudes adjusted according to 
new thickness of MRE after deformation somehow the strain rates were kept constant. The symmetric 
and asymmetric hysteresis shapes of stress-strain curves of tested MRE are obtained which are 
discussed in the next section. 
2.3. Supplementary testing  
By implementing the testing mentioning in the former section, dynamic behavior of MRE in 
tension-compression mode is investigated and model‟s parameters are obtained based on these 
experiments. Interpolating predictions can be made based on data within the existing range. To 
investigate model‟s performance further, we challenged the model to make extrapolating predictions 
outside the previous data range. We also performed corresponding supplementary tests and compared 
to the predicted model‟s response. The new experiments are done at frequency of 0.1 Hz and 0.3 Hz 
for strain sweep of 2%, 4%, 8%, 14%, respectively, besides, at strain of 1% for frequency sweep of 
0.1, 0.3, 0.5, 1, 3, 5, 8 Hz. Magnetic flux densities, similarly, varied from B = 0 mT (no magnet 
installed) to B = 100, 170, 220 and 260 mT. We present the comparison of the extrapolating 
predictions from model parameters based on the training experimental data set which, as we show 
below, compare favorably to this extrapolating test data set. 
Page 14 of 55AUTHOR SUBMITTED MANUSCRIPT - draft
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
3. Experimental results and Discussion 
3.1. Hysteresis loops 
In several successive figures we will summarize the behavior of MREs in tension-compression 
mode for different field ranges, applied load amplitudes and frequency ranges. A typical hysteresis 
curve obtained at steady state in cyclic loading is shown in Figure 3. The experimental curves in 
Figure 4 through Figure 7 are examples of stable behavior of MRE under tension-compression 
oscillation. Under cyclic loading, the viscoelastic stress-strain response of MREs evolves over the first 
several cycles until a stable behavior is eventually obtained. This is observed in both filled and non-
filled rubber-like materials, and has been investigated intensively by Mullins and his co-workers and 
consequently is referred to as the “Mullins effect” [128]. Typical steady state hysteresis loops are 
nearly perfectly elliptical (referred to as linear behavior), or non-perfectly elliptical loops (nonlinear 
behavior) [129]. Two more parameters are used to characterize loops – area enclosed by the loop, and 
the angle between the origin and the point of maximum stress & strain. For elliptical loops, the angle 
coincides with the slope of the major axis of the ellipse. 
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 Figure 3. Diagram of a typical time-dependent hysteresis loop. Depending on the applied field and 
frequency, the shape and magnitude of the stress-strain curves in a cycle would change. Inside curves with red 
arrows show the transition from a non-actuated to a cyclic steady state (the Mullins effect). Outside dark line 
denotes the typical steady state, different for a particular set of cyclic forcing conditions (frequency, field, 
strain). 
In dynamic applications, the viscoelastic properties of MREs play a substantial role.  The  energy 
within  a perfectly  elastic material  is completely  recovered when  the  stress  is  removed but the 
viscous contribution, which is caused by internal molecular friction, retards the elastic strain response 
and  energy  is  lost.  This  lost  energy  is  dissipated  in  the  form  of  heat  in the  elastomer.  The  
amount  of  energy  lost  per  cycle  of  strain  is  known  as „hysteresis loss‟.  
Additionally, as seen in Figure 3 the non-zero stress ( A or D ) at zero strain ( O ) demonstrates 
the hysteresis effect. The  area  under  the  loading curve (EFAB) is  proportional  to  the  energy  
input  and  the  area  under  the  unloading  curve (BCDE) is proportional to the energy returned. 
Accordingly, the difference area, which is enclosed between loading and unloading path, is the 
hysteresis loss or equivalent damping. Additionally, the slope of major axis of hysteresis loops ( ), 
the angle between the x-axis and the line which is cross through origin (0,0) and ( m , ( )m m   ), 
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indicate the equivalent stiffness or dynamic storage modulus [130-134]. Based on the Figure 3 the 
MRE is under tension and compression during the path (FABC) and (CDEF) respectively. 
  
  
Figure 4. Hysteresis loops with magnetic flux density B = 0 mT (without magnetic field). 
(a) f=0.1 Hz, (b) f=1 Hz, (c) f=3 Hz, (d) f=8 Hz. 
 
Hysteresis loops of the MRE tested under different strains and frequencies are shown in Figure 4 
and Figure 5 for magnetic flux density of B = 0 mT (without magnets) and B = 272 mT (with 4 
magnets), respectively. These figures illustrate the effect of strain on the shape of the hysteresis loop 
for different input frequencies in the tension-compression oscillation. We see from both Figure 4 and 
Figure 5 that at low strains, such as 2% and 4%, the shapes of the hysteresis curves are approximately 
symmetric with respect to the origin.  
The figures show that MRE shows nonlinear asymmetric hysteresis behavior at higher strains, 
deviating from the elliptical shape in both situations with and without an applied magnetic field.  At 
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zero magnetic field, low frequency, and high strain, the MRE exhibits strain-stiffening, see the circled 
regions in Figure 4(a). Though symmetric looking here, the up-turn in tension and down-turn in 
compression are caused by slightly different mechanisms, and this leads to asymmetries under 
different conditions, as we‟ll see below. 
  
  
Figure 5. Hysteresis loops with magnetic flux density B=260 mT. 
(a) f=0.1 Hz, (b) f=1 Hz, (c) f=3 Hz, (d) f=8 Hz 
Upon application of a magnetic field, the absolute stress increases for the same strain, but the 
strain-stiffening in tension disappears while the down-turn in compression remains (Figure 4(a)). 
Experimentally the maximum absolute value of stress in the cyclic tension-compression test is 
observed during the compression step, since the extra repulsion between the particles confined in the 
rubber matrix contribute to the non-linear increase in the elastic stress (Figure 5). When a magnetic 
field is applied, the added attraction between particles causes even stronger confinement and higher 
local extension of the polymer between the magnetizable iron particles (Figure 6), the bottoms of the 
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graphs are even more asymmetric. A curious feature in Figure 6 is that during tension, the increase of 
the relative distance between particles allows this attraction between them to rearrange past each other 
causing the strain softening feature of the curves. 
3.2. The effect of displacement amplitude on hysteresis loops 
The dynamic behavior of MREs depends on the strain, frequency, and magnetic field. Previous 
models capture some of these dependencies. MREs with viscoelasticity exhibit the Flether-Gent effect 
[135], also known as the Payne effect [136]. This phenomenon is defined as the decrease of the 
dynamic modulus with increasing amplitude of oscillation [137]. In other words, the Payne effect is 
known to be a particular feature of the stress–strain behavior of rubber composites containing fillers, 
in particular, carbon black [138]. This phenomenon has observed in both shear and compression mode 
[117, 131]. The Payne effect is a reversible phenomenon and frequently explained by the breakdown 
of filler aggregates to release trapped rubber to allow more viscous flow, separation of dipole-dipole 
interaction between neighboring particle and filler rubber detachment and reformation that increases 
with increasing strain amplitude [139].  
Being composite polymer materials, MREs and MR gels also exhibit the Payne effect. In small 
amplitude dynamic oscillation, only minor reorganization occurs in the network structure formed by 
the filler particles. When the strain is increased, the particle network structure begins to break, thus 
increasing the distance between the dipoles [117]. Therefore, above some critical strain amplitude, the 
dynamic modulus decreases rapidly with increasing amplitude. Sorokin et al [140] observed that in 
the absent of magnetic field Payne effect is started at 1% and 0.1 % amplitude for isotropic MRE and 
anisotropic MRE, respectively. They showed the storage modulus of isotropic MRE decreases 20– 
30% at strains of up to 25%.  
Additionally, it is found that the Payne effect significantly increases in the presence of an external 
magnetic field. Indeed, the magnetic filler network becomes much more active when a magnetic field 
is applied. Interactions between magnetic particles and their rearrangement cause not only a huge 
increase in the dynamic moduli but also a strong strain dependence of the moduli. For small 
deformations, the magnetic filler network is slightly disturbed while large deformations lead to 
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destroy the magnetic particles network resulting in material softening. Enhancement of the Payne 
effect due to the magnetic field has also been reported [132, 141, 142]. Based on the facts mentioned 
above, the Payne effect reduces the equivalent stiffness of the MRE which is also observable in this 
study; see Figure 5(d). Figure 4 and Figure 5 illustrate the effects of displacement amplitude on the 
shape of the hysteresis loop with same strain for magnetic flux density B=0 mT and B=260 mT. As 
expected from the Flether-Gent/Payne effects increasing the displacement amplitude leads to a 
decrease in the dynamic storage modulus (as indicated by the lower slope of the major axis of stress-
strain curves, Figure 5).  This strain-softening behavior is more pronounced in the presence of 
magnetic field; see Figure 5(d). Strain-softening in the absence of magnetic fields appears only 
weakly at high frequencies; see Figure 4(d), whereas at relatively low frequencies and high 
displacement amplitude strain-stiffening appears; see Figure 4(a). 
 
 
  
Figure 6. Hysteresis loops under different frequencies with strain 0 =8% show strain-rate stiffening with 
increase in driving frequency. Magnetic flux density B=0 mT, (b) Magnetic flux density B=260 mT. 
 
Furthermore, based on the Figure 4 and Figure 5 by increasing the displacement amplitude, the 
area inside the stress-strain curve is increased, which indicates so is the amount of energy dissipated 
per a cycle or equivalent damping [132]. Damping in MREs is considered to be ascribed to viscous 
flow of the rubber matrix, interfacial damping at the interface between the magnetic particles and the 
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matrix and magnetism-induced damping through magnetic particle interaction and magneto-
mechanical damping [143]. Viscous damping of MREs is mainly provided by the rubber matrix which 
is associated with molecular chain motion in polymers. The interface between magnetic particles and 
the matrix is also important in determining the damping of MREs. Matrix molecules of MRE can 
bond to the surface of the particles such that a third phase is formed known as the interphase. The 
interphase possesses properties distinct from those of the matrix and the particles. The interphase 
mainly plays the role of transferring stress between the matrix and the reinforced particles. The energy 
absorption could be attributed to energy required to bring about viscous flow of constrained materials 
in the vicinity of the particle interfaces, as well as breakdown of interfacial bonding when the applied 
strain amplitude is high, resulting in transformation of elastic energy into kinetic energy, which then 
converts into heat. The processes for energy absorption through magnetism-induced damping are 
increased energy absorbed to overcome inter-particle magnetic interactions as well as magneto-
mechanical damping (change of magnetic domain structure induced by application of stress); these 
processes transform elastic energy into magnetic energy which subsequently dissipates by magnetic 
hysteresis [144-147].  
To sum up, there are different mechanisms of MRE during dynamic oscillation, which mechanical 
energy convert into heat, indicating the overall damping of MRE that is corresponding the area inside 
the hysteresis loops. 
3.3. The effect of motion frequency on the hysteresis loops 
The  effect  of  the frequency of cycling on the  dynamic  properties  of  elastomers  has  been  a 
concern  in  engineering  applications  for a long  time.  However,  assessing the  effect  of  the 
frequency on the dynamic properties of rubber-like material is difficult to do experimentally due to 
the  obstacles  of  obtaining  a  wide  range  of  frequencies  using  a  single  apparatus. Generally, 
increasing the rate of strain increases the dynamic stiffness and loss moduli of the MREs. 
The properties of MREs in addition to deformation (strain) are also strain-rate dependent and 
exhibit a stiffening effect with increase of cycling frequency. Higher frequencies constrain the time 
for molecular relaxation motions, thus resulting in higher stresses for a given strain and larger 
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hysteresis loops. Therefore, the rate of the strain strongly determines the equivalent damping and 
equivalent stiffness of the MRE measured as area inside the hysteresis loop and slope of the major 
axis of the hysteresis stress-strain loops. Figure 6 illustrates the effects of frequency on the shape of 
the hysteresis loops with same strain for magnetic flux densities of B=0 mT and B=272 mT. It is plain 
to see that the slope of the hysteresis loops as well as the captured area in each loop is increased by 
increasing input frequency both with and without applied magnetic field. However, this increment is 
more evident for the applied magnetic field case; see Figure 6(b).  
 
  
Figure 7. Stress-strain response under different levels of magnetic flux density 
(a) f=0.1 Hz and strain 0 =2%, (b) f=8 Hz and strain 0 =14%. 
 
3.4. The effect of magnetic field on hysteresis loops 
In order to show the effect of magnetic field on the dynamic behavior of MREs, we measured the 
stress-strain response of MREs to harmonic oscillation at constant frequency and strain for different 
levels of applied magnetic flux density, from B=0 mT to B=272 mT (shown in Figure 7). By 
increasing magnetic flux density, for the same strain and the same frequency, the shapes of the 
hysteresis loops are changed from symmetric ellipsoid to asymmetric for the low-strain cases. The 
slopes of the hysteresis loops indicating increase in the equivalent stiffness or dynamic storage 
modulus of the MRE, and so does the area enclosed by the loops, which means the dissipated energy 
per cycle of MRE is enhanced. 
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4. Modeling 
The experimental results showed a variety of complex dynamic behaviors of MREs in the presence 
of magnetic fields, different strain amplitudes and loading frequencies. In the dynamic tension-
compression tests the hysteresis loops are often not perfect ellipses, and their magnetic field, strain 
and strain rate-dependent asymmetries have not been adequately captured by previous models. Our 
novel phenomenological model for the dynamic characteristics of MRE is able to reproduce the 
nonlinear viscoelasticity and symmetric and asymmetric hysteresis behavior under all conditions of 
the tension-compression test. 
4.1. Phenomenological model 
Based on the experimental results, the applied magnetic field through tension-compression cyclic 
loading result in nonlinear viscoelasticity and asymmetric hysteresis loops. The nonlinear 
viscoelasticity and hysteresis behavior are expressed by viscoelastic stress and hysteresis stress, 
respectively. Therefore, In order to predict the response of an MRE in a wide range of dynamic 
tension-compression regimes, a phenomenological model is adopted, as shown in Figure 8. The 
proposed model incorporates a nonlinear stiffness and damping element which demonstrate the 
nonlinear viscoelastic behavior of rubber-like materials under large deformation, in parallel with a 
hysteresis component, which captures the nonlinear asymmetric hysteresis shape of stress-strain 
loops. The model also captures how stiffness and damping of the MREs depend on external magnetic 
flux density, loading frequency and strain. Based on the Figure 4 to Figure 7 dynamic behavior of 
MRE in tension-compression oscillation depends on loading frequency, strain, and magnetic field. In 
other words, the dynamic behavior of MRE is recognized by observing the different shapes of 
experimental hysteresis loops, shown in Figure 9. 
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 Figure 8. Phenomenological model of MRE. 
 
Table 2. Physical features for the stress-strain hysteresis curves as illustrated in Figure 9. 
Feature Parameter Physical meanings 
F1 
Ba  Effect of magnetic field on equivalent stiffness 
F2 
Bb  Strain-rate stiffening behavior 
F3 
Bc  Strain-softening behavior 
F4 
B  Effect of magnetic field on elongational viscosity/ equivalent damping 
F5   Effect of loading frequency on equivalent damping 
F6   Effect of strain on equivalent damping 
F7 
11BK  Asymmetric hysteresis behavior (tension-compression asymmetry) 
F8 
12BK  Effect of loading frequency on asymmetric hysteresis behavior  
F9 
13BK  Effect of strain on asymmetric hysteresis behavior 
F10 
21BK  Strain stiffening behavior 
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Figure 9. Features for the stress-strain hysteresis curves and parameters that change them. 
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Therefore, the proposed model should predict all these different hysteresis loops, representing 
particular physical features, by incorporating specific parameters mentioned in the Table 2. Based on 
the Table 2, for example, by increasing the magnetic field both equivalent stiffness and damping of 
MRE are increased. The physical meanings of these features as well as their schematic interpretations 
are mentioned in the Table 2 and Figure 9, respectively. 
Based on the points mentioned above, Table 2 lists the different dynamic features of MRE should 
use in this model and Figure 9 illustrates the effects of those features on the shapes of stress-strain 
hysteresis curves of MRE obtained in tension-compression experiments. Additionally, based on these 
curves, the physical meanings of the parameters are revealed as different properties of the MRE.  
4.2. Viscoelastic and hysteresis component 
The stress-strain relationship of the MRE model in dynamic tension-compression shown in Figure 
8 is given as below. 
MRE Viscoelastic Hysteresis= +                                       (1) 
Viscoelastic 0 0( , ,B) ( ) ( , ,B) ( )E f t f t                       (2) 
2 3
Hysteresis 1 0 2( , ,B) ( ) (B) ( )K f t K t                    (3) 
where (t) and (t)  are stress output and strain input, 0( , ,B)E f   and 0( , ,B)f   are the 
dynamic storage modulus (equivalent stiffness) and loss modulus (effective viscosity, equivalent 
damping) which measure the potential for storing and dissipating energy, respectively. Furthermore,
f , 0f , 0 , and B are the loading frequency, reference frequency (1 Hz), displacement amplitude, and 
magnetic flux density, respectively.  
We take the strain input (t) to be a harmonic excitation, easily achievable in testing: 
0( ) sin(2π )t f t    (4) 
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Suppose also that in this model the dynamic storage modulus 0( , ,B)E f   and elongational 
viscosity 0( , ,B)f   are represented as following:     
0 0
0
( , , ) ( )B Bb cB
f
E f B a ( )
f
    (5) 
β λ
0 0
0
( , , ) ( )B
f
f B ( )
f
      (6) 
and the 1 0( , ,B)K f   and 2 (B)K  represent the asymmetric hysteresis (or tension-compression 
asymmetry) and strain-stiffening behavior, respectively. These components, constructing the 
hysteresis element, are indicated as below: 
1312
1 0 11 0
0
( , ,B) ( ) BB
kk
B
f
K f k ( )
f
    (7) 
2 21(B) BK k   (8) 
The physical interpretation of the model‟s parameters are described in the Table 2. 
According to Figure 8, the new phenomenological model consists of four main components 
including 0( , , )E f B , 0( , , )f B  , 1 0( , ,B)K f   and 2 (B)K  are determined based on the 
corresponding magnetic flux density, frequency and strain by equation (5) through equation (8) . 
Regarding the equation (5) through equation (8), the four main components of proposed models 
constructed based on the ten parameters which are mentioned in the Table 2.  
The proposed model uses strain as an input and then calculates the dynamic storage modulus
0( , , )E f B , elongational viscosity 0( , , )f B   and the hysteresis component of the MRE. 
Afterwards, it gives the stress determined by equation (1). 
MRE stiffness and damping are represented by power functions of frequency and displacement 
amplitude, see equations (5) and (6). These power functions are chosen based on the variation of the 
slope of hysteresis loops by increasing frequency from 0.5 Hz to 8 Hz. If we go beyond this range of 
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frequency, we predict the trend of variation of will not dramatically change due to the general trend of 
MRE with respect of strain, frequency and magnetic field are available and observable. The power 
and coefficients of these power functions can easily be modified slightly for extrapolating new range 
of loading conditions such as frequency, strain and magnetic field. For example, if some experimental 
data of MRE in tension-compression oscillation beyond the range of this study for instance the 
frequency of (1 Hz to 20 Hz) are available, we could capture the new trend by slightly changing the 
power and coefficients of the related power function of frequency without implementing new 
optimization. Since the proposed MRE is mostly aimed at seismic protection of buildings and 
infrastructures, which the most devastating frequency range is below 5 Hz, the experimental 
investigation implemented in this research is adequate to provide the target. Furthermore, this range of 
frequency (0.5 Hz to 8 Hz) cover both typical low frequency and high frequency, at least, for 
application of vibration isolation of infrastructures. Moreover, the operating frequency of automobiles 
usually varies from 0.1 to 10 Hz[148]. 
4.3. Parameter Identification 
The model‟s parameters, mentioning in Table 2 are calculated by fitting the model-predicted stress 
Model to the experimental stress Exp . The fitting process is done by minimizing the error 
( )Model Exp   through implementing the least squares method; see equation (9). This minimization 
is implemented at each external magnetic flux density, including 0 mT, 100 mT, 170 mT, 220 mT and 
260 mT, for all loading frequencies and input strains in order to remove the dependency of model‟s 
parameters to the loading frequency and strain. Hence, this optimization is implemented just for five 
times (different magnetic flux densities). Consequently, the parameters will depend only on the 
magnetic flux density; finally, the constant coefficients of these magnetic field dependent parameters 
will be calculated by using nonlinear curve fit method; see Table 5. The difference between the model 
and experiment is represented by a fitness function error as below: 
2
1 1
( ( ) ( ))
N M
Model Exp
i j
ff i, j i, j 
 
    (9) 
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where N and M are the number of different experimental data sets of motion frequency and 
displacement amplitude, respectively. This optimization is done at different magnetic fields. These 
parameters are calculated and expressed in Table 3 and Table 4. 
From these tables, it is found that the parameters a, b, c, , 11,k  12 ,k  13,k and 21k  are magnetic 
field dependent whereas the parameters β  and λ  are constant by varying magnetic field. By 
increasing the magnetic flux density, the absolute value of the parameters a, b, c, 11,k  12k  and 21k  
are changed quadratically while 13k  and , are increased steadily and exponentially, respectively. At 
this case, a nonlinear curve fit was implemented to these parameters. The constant coefficients of 
magnetic-field dependent parameters are calculated and listed in Table 5. 
Table 3. Magnetic field dependent parameters of phenomenological model. 
Magnetic flux 
density (mT) 
(kPa)Ba
  
Bb  Bc     (kPa)B   
11 (kPa)Bk
  
12Bk   13Bk      21 (kPa)Bk   
0 6.034 0.0862 -0.1107 0.1235 -0.2646 0.2374 -0.5843 0.0039 
100 8.092 0.0886 -0.1652 0.2485 -0.2736 0.2431 -0.4408 0.0045 
170 13.11 0.0868 -0.2699 0.4161 -0.3648 0.1984 -0.3835 0.0071 
220 15.38 0.0944 -0.2917 0.5146 -0.3897 0.1719 -0.2569 0.0140 
260 20.41 0.0856 -0.2957 0.6237 -0.4775 0.0973 -0.1488 0.0190 
 
Table 4. Constant parameters of phenomenological model. 
Magnetic flux density (mT) β  λ  
0 0.7930 0.1086 
100 0.7930 0.1086 
170 0.7930 0.1086 
220 0.7930 0.1086 
260 0.7930 0.1086 
 
thus, the six polynomial functions, a linear function and an exponential function are determined 
from nonlinear curve fit that are expressed as below: 
2
Ba a B a B a       (10) 
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2
Bb b B b B b       (11) 
2
Bc c B c B c       (12) 
exp( B)B      (13) 
2
11 11 11 11Bk k B k B k
       (14) 
2
12 12 12 12Bk k B k B k
       (15) 
13 13 13Bk k B k
     (16) 
2
21 21 21 21Bk k B k B k
       (17) 
The modeling results are given in Figure 14 through Figure 19, which coincide well with the 
experimental results. 
Table 5. Constant coefficients of magnetic field dependent parameters of proposed model. 
Parameter Value 
2(kPa / (mT) )a  42 10  
(kPa / mT)a   36.2 10   
(kPa)a   6.1217  
2(1/ (mT) )b    71.383 10    
(1/ mT)b    54.502 10    
b    28.586 10   
2(1/ (mT) )c   76.282 10   
(1/ mT)c    49.508 10   
c    11.035 10    
(kPa.s)  11.188 10  
(1/ mT)   34.8 10  
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2
11 (kPa / (mT) )k    
64 10    
11 (kPa / mT)k    42 10   
11 (kPa)k    12.626 10    
2
12 (1/ (mT) )k    
64 10    
12 (1/ mT)k    44 10   
12k    12.365 10   
13 (1/ mT)k    31.6 10   
13k    16.022 10    
2
21 (kPa / (mT) )k     
74 10   
21 (kPa / mT)k   54 10    
21 (kPa )k   34 10   
 
4.4. Schematic interpretation of the main components of proposed model 
To demonstrate the dynamic features of presented model and the effect of model‟s components on 
the hysteresis shapes, a graphical approach is implemented and depicted the performance of the model 
through Figure 10 through Figure 13. Figure 10 shows the relationships between stress and strain for 
variations in equivalent stiffness (E). By incrementing the equivalent stiffness (E) the slope of 
hysteresis loop is increased. Figure 11 illustrates the shape change of stress-strain curves with . The 
enclosed area of hysteresis loop is greater with increasing the equivalent damping ( ). Figure 12 and 
Figure 13 depict the shape change of asymmetric hysteresis loops. The parameter 1K  describes the 
effect of coupled tension-compression test and strain softening behavior of MRE under cyclic loading. 
The parameter 2K  shows the strain stiffening effect of MRE in the absence of magnetic flux density, 
particularly, warping for large value of 2K . 
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 Figure 10. Stress-strain curves for different equivalent stiffness E. 
 
Figure 11. Stress-strain curves for different equivalent damping . 
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 Figure 12. Stress-strain curves for different hysteresis parameters 1K . 
 
Figure 13. Stress-strain curves for different hysteresis parameters 2K . 
    
5. Comparsion of experimetal data and model’s response 
5.1. Model’s estimation at training experimental data 
In order to portray the performance of the presented model, the responses of MRE under tension-
compression oscillation are plotted versus experimental loops. There are four levels for strain (2%, 4 
%, 8 %, and 14 %), five levels for motion frequency (0.5 Hz, 1 Hz, 3 Hz, 5Hz, and 8 Hz) and five 
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levels for magnetic flux density (0 mT, 100 mT, 170 mT, 220 mT, and 260 mT) utilizing in modeling 
procedure. Totally, 100 sets of experimental data are prepared as stress-strain hysteresis loops that can 
be predicted only by proposed model in a wide range of variations in values of magnetic flux density, 
loading frequency and displacement amplitude. Eight magnetic field dependent parameters are listed 
in Table 3 and two constants,   and   , are presented in Table 4. By using these parameters from 
system identification methodology, the comparison of experimental results and model prediction is 
shown in Figure 14 through Figure 19.  
 
Figure 14. The stress-strain curves of experimental data and proposed model for different strains at loading 
frequency of  0.5 Hz and magnetic flux density of B=0 mT. 
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 Figure 15. The stress-strain curves of experimental data and proposed model for different strains at loading 
frequency of 8 Hz and magnetic flux density of B=260 mT.  
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Figure 16. The stress-strain curves of experimental data and proposed model for different input frequencies    
at strain of 2 % and magnetic flux density of 220 mT. 
 
 
 
 
 
 
 
  
  
Figure 17. The stress-strain curves of experimental data and proposed model for different input frequencies 
at strain of 14 % and magnetic flux density of 100 mT. 
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Figure 18. The stress-strain curves of experimental data and proposed model for different magnetic flux 
densities at strain of 14 % and loading frequency of 0.5 Hz. 
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Figure 19. The stress-strain curves of experimental data and proposed model for different magnetic flux 
densities at strain of 14 % and loading frequency of 8 Hz. 
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and strain stiffening effect are accurately captured by proposed model. Based on the Figure 15 the 
strain-softening effect becomes more evident at the high frequency and also for high magnetic flux 
densities. Additionally, the area of hysteresis loops is increased by increasing the strain, which is 
predicted by proposed model very well. As shown in Figure 16 and Figure 17, the model pridection is 
completely in accordance with experimental results and strain-rate stiffening is captured by the 
proposed model, properly. These figures show that by increasing the motion frequency the enclosed 
area and the slope of main axis of hysteresis loops are increased. Furthermore, based on the Figure 17 
the effect of applying of magnetic flux density on nonlinear asymmetric hysteresis shape of MREs is 
obvious. 
Figure 18 and Figure 19 show the effect of magnetic flux density on mechanical properties of 
MREs that is appropriately predicted by this phenomenological model. It can be seen from these 
figures that by increasing the external magnetic flux density, the slopes of the main axes and areas of 
hysteresis loops are increasing and are captured by the proposed model.  
5.2. Model’s performance at outside of training experimental data 
The second method to investigate the model‟s prediction, is checking the model‟s response out of 
the MRE sample training tests which model‟s parameters are constructed based on them. This is a 
more challenging way to gauge the efficiency of a phenomenological mode, as the model‟s 
predictions are compared to outside of the calibration or training experimental data. 
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Figure 20. The stress-strain curves of secondary experimental data and proposed model for different 
magnetic flux densities and strains at loading frequency of 0.1 Hz. 
  
  
Figure 21. The stress-strain curves of secondary experimental data and proposed model for different 
magnetic flux densities and strains at loading frequency of 0.3 Hz. 
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According to Figure 20 and Figure 21 the proposed model can predict dynamic behavior of MRE 
at out of calibration experimental range, approximately well. 
 
 
6. Quantitative assessment of the proposed model 
The comparison of experimental data and proposed model is shown in Figure 14 through Figure 
19. In addition to the graphical presentations, the predictive performance of the present model is 
investigated through a quantitative survey for all experiment cases such as different magnetic flux 
densities, frequencies and displacement amplitudes. The Root Mean Square Error (RMSE) (also 
called the root mean square deviation, RMSD) is a frequently used for measuring of the difference 
between values predicted by a model and the values actually observed from the experiment that is 
being modelled. The RMSE of a model prediction is defined as the square root of the mean squared 
error: 
 
2
model, i exp,i
1
n
iRMSE
n
 




  (18) 
where Model and Exp are the predicted stress obtained by proposed model and experimental 
stress obtained by the experiments, respectively. The calculated RMSE values, however, will have 
units such as kPa; then, the non-dimensional forms of the RMSE are used because often one wants to 
compare RMSE with different units. So, the following function is used to compute fitness value (1- 
error) [126]: 
        (19) 
Where the norm function is given by the following equation: 
( )
(%) 100 1
( ( ))
Model Exp
Exp Exp
norm
fitnessvalue
norm mean
 
 
 
   
  
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21
(x(i)) (x(i) )
n
i
Norm abs

    (20) 
According to each particular loading conditions such as magnetic field, frequency and 
strain, the fitness value is not calculated at a specific point(x, y), but it is calculated based on 
the comparison between the experimental and model-predicted stress-strain curves (loops), 
containing thousands of (x, y) points each.  
 
Table 6. Fitness value of proposed model at training experimental data. 
Magnetic flux density (0 mT) 
Freq. (Hz)     0
14%   
0.5 84.21 85.81 85.85 85.33 
1 86.72 88.14 86.52 88.01 
3 84.23 89.71 90.35 89.62 
5 91.55 88.68 86.73 88.41 
8 95.35 89.47 94.46 87.18 
Magnetic flux density (100 mT) 
0.5 86.14 87.97 88.22 87.48 
1 88.45 86.05 89.05 90.95 
3 89.58 89.51 93.66 86.28 
5 92.65 88.90 89.42 88.07 
8 86.79 91.02 92.23 86.41 
Magnetic flux density (170 mT) 
0.5 87.60 86.39 87.13 86.85 
1 91.56 91.65 91.99 90.49 
3 96.04 92.35 89.11 87.18 
5 92.84 89.47 92.09 88.25 
8 89.71 89.01 90.43 85.85 
Magnetic flux density (220 mT) 
0.5 85.21 93.49 88.82 83.20 
1 85.58 89.29 90.22 83.71 
3 90.77 88.21 91.63 84.45 
5 93.35 91.46 90.68 84.21 
8 88.01 89.94 88.87 82.82 
Magnetic flux density (260 mT) 
0.5 95.02 90.46 86.99 80.38 
1 94.14 85.26 84.54 82.43 
3 90.72 89.36 88.75 81.66 
5 90.17 87.94 89.76 80.57 
8 88.68 86.32 87.29 78.79 
 
Table 7. Fitness value of proposed model extrapolating out of the training experimental data set range. 
 Magnetic flux density (0 mT) 
Freq. (Hz) 0  =1%     0 14%   
0.1 66.22    71.77 82.60 77.48 79.68 
0 2%  0 4%  0 8% 
0 2%  0 4%  0 8% 
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0.3 76.93 88.87 93.19 81.89 79.92 
0.5 71.56 - - - - 
1 64.36 - - - - 
3 77.00 - - - - 
5 87.94 - - - - 
8 91.23 - - - - 
 Magnetic flux density (100 mT) 
0.1 66.65 78.05 78.06 75.40 71.62 
0.3 67.34 84.01 89.83 77.29 74.53 
0.5 72.41 - - - - 
1 67.85 - - - - 
3 77.31 - - - - 
5 82.43 - - - - 
8 76.37 - - - - 
 Magnetic flux density (170 mT) 
0.1 77.31 78.30 78.83 85.82 84.68 
0.3 81.81 75.76 83.02 84.45 90.97 
0.5 74.98 - - - - 
1 89.02 - - - - 
3 87.51 - - - - 
5 84.74 - - - - 
8 69.73 - - - - 
 Magnetic flux density (220 mT) 
0.1 78.03 84.34 89.12 90.65 80.27 
0.3 65.40 80.13 82.22 84.23 85.88 
0.5 74.58 - - - - 
1 64.33 - - - - 
3 78.15 - - - - 
5 61.22 - - - - 
8 73.24 - - - - 
 Magnetic flux density (260 mT) 
0.1 68.92 91.36 77.14 76.67 78.27 
0.3 66.98 83.44 80.91 79.52 82.02 
0.5 72.27 - - - - 
1 73.40 - - - - 
3 75.70 - - - - 
5 79.56 - - - - 
8 75.21 - - - - 
 
 The fitness values are calculated and provided in Table 6. In most experimental cases, the fitness 
values are around 90 % and the fitness values show that the proposed model can capture the dynamic 
behavior of the MRE quite well. The range of fitness values is from 78.79 % to 96.04% and the 
average of the fitness value is 89.27 %. Based on the Table 6, it is easy to see that when the loading 
conditions (frequency and displacement amplitude) and magnetic flux density reach the maximum 
value simultaneously, the performance of the proposed model decreases. Moreover, Table 7 shows 
that the proposed model can even extrapolate the dynamic behavior of MRE outside the range of 
training experimental data set and still achieve reasonable accuracy between 64.33% to 93.19%, with 
the average of the fitness value is 79.11%. 
Page 43 of 55 AUTHOR SUBMITTED MANUSCRIPT - draft
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
7. Conclusions 
In this study, we present a comprehensive model for the dynamic behavior of magnetorheological 
elastomers (MREs) under coupled tension-compression mode. We also present an experimental setup 
for measuring the relationships between stress and strain of MREs under different conditions (are 
plotted as hysteresis loops, used to fit model parameters, and later) to compare the results to further 
model predictions.  
Observations include: The hysteresis behavior of the MREs is asymmetric in tension and in 
compression, and the asymmetry is enhanced with increase in the magnetic flux density, loading 
frequency, and displacement amplitude. Moreover, the enclosed area and the slope of major axis of 
the hysteresis loops depend on the magnetic flux density, motion frequency and displacement 
amplitude. Additionally, figures 4-6 document strain stiffening, strain-softening, and strain rate 
stiffening phenomena – a rich array of MRE behaviors, which are easy to identify in the plotted 
hysteresis loops.  
The novel phenomenological model introduced here is able to describe this rich dynamic behavior 
of MREs with a single set of parameters fit to the training experimental data set using the least-
squares method. The model reproduces the nonlinear viscoelasticity and asymmetric hysteresis 
behavior as well as their magnitude and shape variations with changes in applied frequency, forcing 
amplitude and magnetic field. The effects of the model‟s parameters on the shape of the hysteresis 
loops are shown visually too.  
The experimental results show that the proposed model can accurately capture the dynamic 
behavior of the MRE under tension-compression oscillation, over a wide range of magnetic flux 
density, loading frequency and strain. The experimental results show that the equivalent stiffness 
(dynamic storage modulus) and equivalent damping (elongational viscosity) are increased by 
incrementing the magnetic flux density and loading frequency. By increasing the displacement 
amplitude of excitation, the equivalent damping is increased while the equivalent stiffness is 
decreased. The results show that the proposed model is in accord with experimental data very well.  
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Moreover, the model is capable of extrapolating predictions outside the range of the training 
experimental data set from which model‟s parameters are derived. We quantify the model‟s 
predictions to additional test experiments under the specified conditions. The use and further 
development of the phenomenological model presented here is would enable the design and control 
analysis of MRE devices under tension-compression cyclic loadings, taking advantage of their 
superior compactness and load-bearing capacities. 
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